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Section 1: Theory 3
1. Theory

e A graph of periodic function f(z) that has period L exhibits the
same pattern every L units along the z-axis, so that f(z+ L) = f(x)
for every value of x. If we know what the function looks like over one
complete period, we can thus sketch a graph of the function over a
wider interval of z (that may contain many periods)
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Section 1: Theory 4

e This property of repetition defines a fundamental spatial fre-
quency k = 2% that can be used to give a first approximation to

the periodic pattern f(x):
f(z) =~ ¢g sin(kx + a1) = aq cos(kz) + by sin(kx),

where symbols with subscript 1 are constants that determine the am-
plitude and phase of this first approximation

e A much better approximation of the periodic pattern f(x) can

be built up by adding an appropriate combination of harmonics to
this fundamental (sine-wave) pattern. For example, adding

e 8in(2kx + ag) = ag cos(2kx) + basin(2kxz)  (the 2nd harmonic)
cssin(3kx + as) = ag cos(3kx) + by sin(3kz)  (the 3rd harmonic)

Here, symbols with subscripts are constants that determine the am-
plitude and phase of each harmonic contribution
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Section 1: Theory 5

One can even approximate a square-wave pattern with a suitable sum
that involves a fundamental sine-wave plus a combination of harmon-
ics of this fundamental frequency. This sum is called a Fourier series

Fundamental

- g

»4 b

Fundamental + 5 harmonics ~ periop=r
Fundamental + 20 harmonics
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Section 1: Theory 6

e In this Tutorial, we consider working out Fourier series for func-
tions f(x) with period L = 27. Their fundamental frequency is then

k= 2% = 1, and their Fourier series representations involve terms like

ajcosr , bisinzx

ascos2x, bysin2r

azcos3x, bzsindz
We also include a constant term ag/2 in the Fourier series. This
allows us to represent functions that are, for example, entirely above

the z—axis. With a sufficient number of harmonics included, our ap-
proximate series can exactly represent a given function f(x)

f@)=ao/2 + ajcosz+ agcos2z+ azcosdx + ...
+ bysina + bysin2x + bz sin 3x + ...
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Section 1: Theory 7

A more compact way of writing the Fourier series of a function f(x),
with period 27, uses the variable subscript n =1,2,3,...

o0
a
fl@) = ?0 + Z [ay, cosnx + b, sinnx]
n=1
e We need to work out the Fourier coefficients (ag, a,, and b,,) for
given functions f(z). This process is broken down into three steps

STEP ONE 1
Vs
27
1
STEP TWO a, = f/f(a:) cosnz dx
Vs
2
1
STEP THREE b, = f/f(gj) sinnx dx
™
27

where integrations are over a single interval in = of L = 27
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Section 1: Theory 8

e Finally, specifying a particular value of x = x1 in a Fourier series,
gives a series of constants that should equal f(z1). However, if f(z)
is discontinuous at this value of x, then the series converges to a value
that is half-way between the two possible function values

"Vertical jump"/discontinuity
in the function represented f(X)

\

Fourier series
converges to
half-way point
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Section 2: Exercises 9

2. Exercises

Click on EXERCISE links for full worked solutions (7 exercises in total).

EXERCISE 1.
Let f(z) be a function of period 27 such that

1, —m<z<0
f(m){ 0, 0<z<m.

a) Sketch a graph of f(z) in the interval —27 < z < 27

b) Show that the Fourier series for f(x) in the interval —7 < 2 < 7 is

L 2 sing + Ssindz+ < sinba +
B = sSmx 3&11’1 P 55111 T

¢) By giving an appropriate value to x, show that

N SO B
4 35 77

e THEORY ¢ ANSWERS ® INTEGRALS © TRIG ©¢ NOTATION
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Section 2: Exercises 10
EXERCISE 2.
Let f(z) be a function of period 27 such that
0, —m<x<0
o) = {

z, O<zx<m.

a) Sketch a graph of f(z) in the interval —37 < z < 37

b) Show that the Fourier series for f(x) in the interval —7 < z < 7 is

T2 + L o3z + — cosba+ .
— — — |COSXT — COS o COS O
1 7 32 52

1 1
+ {sinx —3 sin 2x + gsin3x — }

¢) By giving appropriate values to z, show that

~—
—
S~—
a3
I
—_
\
W=
+
S

7%4’ and(i)%—1+32+52+72+

e THEORY ¢ ANSWERS ® INTEGRALS © TRIG ©¢ NOTATION
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Section 2: Exercises 11
EXERCISE 3.

Let f(z) be a function of period 27 such that

f(x):{ z, O<z<m

T, m<x<2m.
a) Sketch a graph of f(z) in the interval —27 < z < 27
b) Show that the Fourier series for f(x) in the interval 0 < x < 27 is

sm_ 2 +1 3+1 5z + .
4 T COS T 3 COS o 5 COS O

— [sinx—i— %sian + %SinSm + .. ]
¢) By giving appropriate values to x, show that
HI=1-++2-14  and(ii) T =1+5+5+5+.
e THEORY ® ANSWERS ® INTEGRALS ®© TRIC ® NOTATION

Toc << > > <« | 4 Back



Section 2: Exercises 12
EXERCISE 4.

Let f(z) be a function of period 27 such that

f(z) = g over the interval 0 < z < 27.

a) Sketch a graph of f(z) in the interval 0 < z < 4«

b) Show that the Fourier series for f(x) in the interval 0 < x < 27 is

T . 1 . 1 .
5~ smx—i—fsm2m+§sm3x+...

2
¢) By giving an appropriate value to x, show that
T o_ oy 1 n 1 1 n 1
4 3 5 7 9 7

e THEORY ¢ ANSWERS ® INTEGRALS © TRIG ©¢ NOTATION
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Section 2: Exercises 13
EXERCISE 5.

Let f(z) be a function of period 27 such that

T—z, O0<zx<m
f(x)—{ 0, T<T <2

a) Sketch a graph of f(z) in the interval —27 < x < 27

b) Show that the Fourier series for f(x) in the interval 0 < x < 27 is

T, 2 1+ L cos3e + = cos5a +
— — | COS — COS — COS
4 7 |COPT T g2 COSOT Ty COSOT

1 1 1
+ sinxz + ésin2x—|— —sin3x + lsinélx—«—...

3
¢) By giving an appropriate value to x, show that
G
8 3 52 7

e THEORY ©¢ ANSWERS ® INTEGRALS ¢ TRIG ¢ NOTATION
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Section 2: Exercises 14
EXERCISE 6.

Let f(z) be a function of period 27 such that
f(z) =z in the range — 7 <z < 7.
a) Sketch a graph of f(z) in the interval —37 < x < 37
b) Show that the Fourier series for f(z) in the interval —7 < z < 7 is
2 |si L 2z + L 3
sinx — - = — ...
5 5in2% + 7 sin 3z
¢) By giving an appropriate value to z, show that

T, 111,
4 3 5 7 7

e THEORY ¢ ANSWERS ® INTEGRALS © TRIG ©¢ NOTATION
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Section 2: Exercises 15
EXERCISE 7.

Let f(z) be a function of period 27 such that

f(z) = 2® over the interval —7 < x < 7.

a) Sketch a graph of f(z) in the interval —37 < x < 37

b) Show that the Fourier series for f(z) in the interval —7 < z < 7 is

2 1 1
% —4 |cosx — ﬁcos%‘—&— 3—200531‘—...
¢) By giving an appropriate value to z, show that
ol i1
6 22 32 42 7

e THEORY ¢ ANSWERS ® INTEGRALS © TRIG ©¢ NOTATION
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Section 3: Answers 16
3. Answers
The sketches asked for in part (a) of each exercise are given within

the full worked solutions — click on the EXERCISE links to see these
solutions

The answers below are suggested values of x to get the series of
constants quoted in part (c¢) of each exercise

l.x=3,
2. (i) z =7, (ii)) z =0,
3. (i) x =7, (ii) z =0,
4. x =73,
5. ¢ =0,
6. v =73,
7. x=m.
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Section 4: Integrals

4. Integrals

17

Formula for integration by parts: f udtdy = [uv]” — f: Svdx
| f(z) | [ f(z)dz [ f(z) | [ f(z)dz \
n+1 nF1

e o ) | @)y @ | M A -
L In || el In |g ()
e’ e’ a” = (a>0)
sin x —cosx sinh x coshz
cosx sinx cosh x sinh x
tan x —In |cos z| tanh x In cosh z
coseczx | In|tan §| cosech x In |tanh |
sec T In [secx + tanz| || sechx 2tan—le®
sec2r | tanzx sech” z tanh x
cotx In |sin z| cothx In |sinh x|
Sin2 T % _ sin42x Sinhz T sinz 2r %

2 x sin 2% 2 sinh 2z T
cos” x s + 55 cosh” x T T5
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Section 4: Integrals

| f(2) | Jf@)de || fx) | [f(z)da
P Ltan=t 2 —— 5= In |22 (0<|z|<a)
(a>0) e 2 (|z] > a>0)
\/ﬁ Sin—l % \/a21+12 h’l x+\/¢:l2+m2 (a > 0)
(—a<x<a) Iia? In | £tV ”;2_“2 (x>a>0)
a? — 2 %2 [sm_l(a) va2+z? % {Sinhf1 (g) + 7“‘;?952}
+;zc\/(tlzz_aﬂ] g — % [7 cosh™ 1 (%) + x\/ﬁz_az’}
Toc <4< | d g < | g Back




Section 5: Useful trig results 19
5. Useful trig results

When calculating the Fourier coefficients a,, and b, , for which n =
1,2,3,..., the following trig. results are useful. Each of these results,
which are also true for n = 0,—1,—-2,—3,..., can be deduced from
the graph of sinz or that of cosx

sin(x)
1
e sinnm =0 X
21T T
-1
cos(X)
1
e cosnm = (—1)" x
3 =21 T/ 0 T 2n Bt
-1
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Section 5: Useful trig results 20

sin(x) cos(X)
1 1
\. X X
n| fon T !\n 3y -2\ {n/ O n/ 2n
- g
- 0 ,neven - 0 ,nodd
Osinn§: 1 ,n=159,.. ocosn§: 1 ,n=0,48,..
-1 ,n=3,7,11,... -1 ,n=2,6,10,...

Areas cancel when
when integrating 1
over whole periods /4\ ]/4\ /4\)(
o [sinnzdzr=0 _vn . \/ﬂ ea
2w - - —
o [cosnzdr=0 \1;]

27
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Section 6: Alternative notation 21

6. Alternative notation

e For a waveform f(z) with period L = 2T

a :
flz) = 5+ Z [an cos nkx + by, sin nkx]

n=1

The corresponding Fourier coefficients are

STEP ONE 2
apg = = /f(x) dx
L
L
2
STEP TWO a, = Z/f(a:) cosnkz dx
L
2
STEP THREE b, = 7 / f(g;) sin nkx dx
L

and integrations are over a single interval in x of L

Toc << > > L | | 4 Back



Section 6: Alternative notation

22

e For a waveform f(z) with period 2L = = | we have that

_ 2T _ 7w __ nrx
k=357 =7 and nkx = 7%

fla) = 24 Z {an cos L 4 by, sin ?}

n=1

The corresponding Fourier coeflicients are

STEP ONE 1
ag = —/f(x) dx
L
1
STEP TWO 0, = f/f(x) cos?dm
1
STEP THREE b, = 7 / F(x)sin nza: de
2L

and integrations are over a single interval in x of 2L
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Section 6: Alternative notation

e For a waveform f(t) with period T = 2T

o0
fit) = % + Z [ay, cos nwt + by, sin nwt]

n=1

The corresponding Fourier coeflicients are

STEP ONE

ag
STEP TWO

an
STEP THREE

by,

and integrations are over a single interval in ¢ of T

Toc <4<

2

7 [rwa
T

%/f(t) cos nwt dt
T

% /f(t) sin nwt dt
T

Back
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Section 7: Tips on using solutions 24

7. Tips on using solutions

o When looking at the THEORY, ANSWERS, INTEGRALS, TRIG
or NOTATION pages, use the Back button (at the bottom of the
page) to return to the exercises

e Use the solutions intelligently. For example, they can help you get
started on an exercise, or they can allow you to check whether your
intermediate results are correct

e Try to make less use of the full solutions as you work your way
through the Tutorial
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Solutions to exercises

Full worked solutions

Exercise 1.

f@) = 1, —m<z<0
1 0, 0<z<m and has period 27

a) Sketch a graph of f(z) in the interval —27 < x < 27

f()

Toc << > > L | | 4 Back
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Solutions to exercises

26

b) Fourier series representation of f(x)

STEP ONE
1
ag = —
™
Toc

i.e. ag

<<

1 17
L swans L[ s

—T

1 /0 1 [
f/ 1~dx+—/ 0-dx
s - ™ 0

T
3 o
o,
&

I IR

| | 2 Back



Solutions to exercises

STEP TWO

1 s
anp=— [ f(x)cosnzdx
m —T

ie. ap

Toc <4<

27

O U
l/ f(a:)cosnxda:+l/f(x)cosnxdx
™Jo

T™J-xn

1 /° 1 ("
7/ 1~cosna:dx+f/0-cosn:cdx
0

T ) T

1 0

— cosnzx dx

™ —1Tr

. 0

1 [sinnx 1 .. 0
= = — [sinnz]_
T n . nm

1

— (sin0 — sin(—
e (sin sin(—nm))
1

— (0 + sinnm)

nmw

1
—(0+0)=0.

Back



Solutions to exercises 28

STEP THREE
1 [" .
b, = = f(z)sinnz dz
m —T
10 _ 17 _
= — f(z)sinnz dz + — f(z)sinnz dz
T™J—r ™ Jo
I 1 [
= — 1-sinnxdx + — 0-sinnx dz
L — ™ Jo
1 /0 1[- 0
ie. b, = 7/ sinnx dr = — {cosnw}
T ) . T n e
"~ [cos na]” (cos0 — cos(~nm))
= ——[cosnx = ——(cos0 — cos(—nm
nmw - nmw
1 1
= —(1- =——1-=(-1" TRrIG
nﬂ'( cosn) nﬂ'( (=1)"™), see
. 0 , M even . n_ 1 ,neven
ie. b, = {_nQﬂ n odd , since (—1) { 1 nodd

Toc <4< | d 2 < | g Back



Solutions to exercises

We now have that

oo
0 .
= ? E an cos nx + by, sin nz)

n=1

with the three steps giving

0 , N even
ao—l,an—O,andbn—{z n odd

nm

It may be helpful to construct a table of values of b,

Substituting our results now gives the required series

1

2 1 1
flz)=-——= sinx+§sin3x+gsin5az+...

2 7

Toc <4< > > | | 4
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Solutions to exercises 30

¢) Pick an appropriate value of z, to show that

T 1 1 1
Z—l—§+g—7+”w
Comparing this series with
1 2 1 1
f(x) = 5 - [sinx—i—gsin?)x—i— 5sin5a:+...] ,

we need to introduce a minus sign in front of the constants %, %,. ..
So we need sinz =1, sin3xz = —1, sinbx =1, sin7z = —1, etc

The first condition of sinz = 1 suggests trying z = 7.

=
[NIE

This choice gives sin§ + % sin3%  + % sinb%  +
i 1 1 _
l.e. 1 — 3 + 5

Looking at the graph of f(z), we also have that f(7) = 0.

N=ech

Toc << > > L | | 4 Back



Solutions to exercises 31
.. o o
Picking z = § thus gives
—1_2| gncx 1 i 3w 1 0 5w
0=3 Tr[s1112+351r12+5st

+ %Sin%” + }

i.e.O:%— +

BN
[ —
=
|
Wl

= ot

+”J

A little manipulation then gives a series representation of 7

2{11+11+..}1

w 375 7 2

IS S
375 7 4

Return to Exercise 1
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Solutions to exercises 32

Exercise 2.

0, —m<x<0
x, 0<ax<m, and has period 2w

)=

a) Sketch a graph of f(z) in the interval —3m < x < 3w

f(x)

Toc << | d g < | g Back



Solutions to exercises

33

b) Fourier series representation of f(x)

STEP ONE

i.e. ap

Toc <4<
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Solutions to exercises

34

STEP TWO
1 s 1 0 1 s
Up = — f(x)cosnxdx = f/ f(x)cosm:dx+—/f(x)cosm;dx
T™J -7 T J_m ™ Jo
1 /° 1 [
= f/ 0~cosnxdx+f/:1:cosnxdz
i —r ™ 0
) 1 [7 1 sinnz ™ T sinnz
ile. a, = — zcosnrdr = —< |z — dz
v 0 i n 0 0 n
(using integration by parts)
) 1 {( sinnm ) 11 cosnx Tf}
ie. a, = -— ™ -0 ——[— }
T n n lo
1 1
= - 0 -0 — n
- ) + sleosnals
L 0} = — {(~1)" ~ 1}
= ——{cosnm —cos0} = — {(— —
n? ™2
ie. a, = 0 POV ee TRIG
e —% ,nodd ’ )
Toc <4< | 4 2 L | | 4 Back



Solutions to exercises

STEP THREE
1 ™

by = — f(z)sinnzdzr =
T —T

T
. 1 .
ie. b, = — rsinnrdr =
™ Jo

Toc << | 4 2

35

0
/ f(@)sinnzdz + — / f(z)sinnz dz

3=

1 T
/0 sinnzdz + — / z sinnx dx
™ Jo

1 { _ cos nx / T/ cosnx
M= [ )
™ 0 0 n

(usmg integration by parts)

1 us
[ cosnz]; + f/ cosnxdx}
n

3=

0
1 Tsi
(7rcosmr—0)+{smm€} }
0

S
Sie sl

n

1
(D" + W(O —0), see TRIG

—

|
—_
~—
3

A
v
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Solutions to exercises 36
) —% , N even
ie. b, = L
+5 , n odd
We now have
a o0
flz) = ?0 + Z [an, cos nx + by, sin nz)
n=1
T 0 , M even —% , N even
where ag = —, a, = , by, = 1
2 —— ,nodd =~ ,nodd
Constructing a table of values gives
n 1 2 3 4 5
2 2 1 2 1
an | =2 | 0 %5 | 0 | -7 &
1 1 1 1
bn | L =2 35 |-2l 5
Toc << > > <« > Back



Solutions to exercises 37

This table of coefficients gives

flx) = E (f) + (—i) cosx + 0 - cos 2z

2 1
+ | —— =) cos3xz+0-cosdx
T 32

+ (=22 ) cossa +
- 52 COS O

1 1
+ sinx — 5sin2x+ gsin?)sc - ..

3

. 2 1 1
ie. flz)=- - p cosa:+3—20053x+5—20055a?+...

=~

1 1
+ [sinx -3 sin 2x + 3 sin 3x — ]

and we have found the required series!

Toc <4< | d 2 < | g Back



Solutions to exercises 38

¢) Pick an appropriate value of z, to show that

N T o 1 1 1
‘(1) Z—l_§+5_7+--~‘
Comparing this series with
2 1 1
fz) = % - = [cosx—i— 3—2(:08333—}— 5—2(:08533—1— }

1 1
+ |sinx — =sin2x + —sin3z — ... |,
2 3
the required series of constants does not involve terms like 35, 25, =, ....
So we need to pick a value of x that sets the cosnx terms to zero.

The TRIG section shows that cosn3 = 0 when n is odd, and note also

that cosnz terms in the Fourier series all have odd n

ie. cosxz=cosdr=cosbr=..=0 whenz=7,

ie. cos§ =cos3f =cosHy =...=0

Toc << > > L | | 4 Back



Solutions to exercises

Setting = 7 in the series for f(z) gives

f<7r> ™ 2 7r+1 37T+1 57r+

— = — ——|cos=+ —=cos— + — cos— + ...
2 4 7 2 32 2 52 2
+

1

1 . ) 1
+|1- ismerf (=1) - 781n27r+g (1) — ...

3
=0 =0

The graph of f(x) shows that f (%) = Z, so that

TR
7

T
4
1-

1 1
+1—=4=

3 5
. 1+1 1+
ie. -+ ===
3 56 7

R

Toc <4< | d 2 < | g Back
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Solutions to exercises 40

Pick an appropriate value of x, to show that

.. 2
(i) = =1+ +z+ 75 +...

Compare this series with

2 1 1
f(a:):z — 7T{co&x—i—g c053x+5 cos b + .. }

1 1
+ {sinx — §sin2x+ gsin&r — } .

This time, we want to use the coefficients of the cosnx terms, and
the same choice of x needs to set the sinnx terms to zero

Picking * =0 gives

sinx =sin2x =sin3x =0 and cosx =cos3x =cosbr =1

Note also that the graph of f(z) gives f(z) =0 when z =0

Toc <4< | d 2 < | g Back



Solutions to exercises 41

So, picking x = 0 gives

2 [ 1 1 1
0 = %—;-cos()+?cos0+5—2cos()+ﬁcoso+...
e OfsinOJrsinOi
1n 72 3
. ™ 20 1 1 1
1.e.0 = 4—ﬂ_-1+32+52+72+...:|+0—0+0—...

We then find that

2 1+1+1+1+...] =z

Al TR 1
and 1—|—i+i+i+... = W—Q
32 75 72 8

Return to Exercise 2
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Solutions to exercises

Exercise 3.

f(x):{ z, 0<z<m

m, w<x<2m, and has period 27

a) Sketch a graph of f(z) in the interval —27 < z < 27

(%)

Toc << | d g < | g Back
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Solutions to exercises

b) Fourier series representation of f(x)

STEP ONE

S
S
|
| =
o\
[ )
3
—
&
o,
=
I

L r@ars L[ s
— — x)dx
=/, z)dz =]

1 T 1 27

= f/ xdx—l—f/ m-dx

™ Jo T Jr

B l £2W+Ex27r
ool 2 0o T x

- 450

ie. ¢ = —.

Toc << | d g < | g Back
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Solutions to exercises 44

STEP TWO

1 27
an = 7/ f(x) cosnz dx
T Jo

1 T 1 27\'
= / xcosnxderf/ 7 - cosnx dx
0 T

™ ™

sinnz ™ T sin nx T | sinnz
T — do| +—
n 0 0 n T n

using integration by parts

27

A=

T

s
1 — cos nx}

1
= — <7Tsinn7r—0~sinn0> — { 3
T|n n 0

1
+ —(sinn27 — sinnmn)
n

Toc << | d g < | g Back



Solutions to exercises

. 1)1 cosnm
ie. a, = l(0_0)+(2_
T|n n

1
= ——(cosnm—1), see TRIG
n2mw

1
- ﬂ((_l)n -1),
—% , nodd
ie. a, = {
0 , M even.

Toc << | d 2 <«
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Solutions to exercises 46

STEP THREE
1 2T
b, = = f(x)sinnz dz
™ Jo
1 T 1 27
= f/ xsinmcdx—i—f/ 7 - sinnx dx
T T Ja
T 27
1 ~cos nm — cosnx T | —cosnz
-1 )" - / ZoosnT g | T | Zeosne
T 0 0 n T n .

using integration by parts

i 1
[ —m cos nw 0) n [Sm?ﬂ 1 — —(cos2nm — cosn)
n 0 n

slan 2— sin0> ] _ 1(1 — (="

3|

8-

Toc << | d g < | g Back



Solutions to exercises
ie. b, = ——(-1)"-—
ie. b, = -
We now have

oo
do .
= ? E [an, cos nz + by, sin nx]

3=

27 , nodd

n2mw

0 n even
where ag = 2& an:{ 9 , b, = —

Constructing a table of values gives

n 1 2 3 4 5
o =210 (2] [0 [-2(3)
b [-11-31 -8 -5 -

Toc << | d g < | g Back
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Solutions to exercises 48

This table of coefficients gives

w

flx) = %(7’7) + (—%) [cosm + 0-cos2z + z5cos3z + ...
+ (71) _sin:z:Jr %sin2x + %sin&r + ...

ie. f(x)= 2 - 2 cosT + gz cos3x + gz cosbr + ...

2 3

— sinz + Lsin2z + isin3z + ...

and we have found the required series.
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Solutions to exercises 49

¢) Pick an appropriate value of z, to show that

Compare this series with

3 2 1 1
f(z) = Z—W{cosm—i—?) cos333—|—5 cos bx + . }

1 1
— [sinx—|— 551112:1:4— 3sin3:z:+...]

Here, We Want to set the cosnz terms to zero (since their coefficients

are 1, = 325 52, ...). Since cosnf = 0 when n is odd, we will try setting
x = § in the series. Note also that f(5) = 7

This gives

gz%ﬂ—% [cosf—i—gzcos?ﬂr 5zcos5§—|—...]

T 1 . ™ 1. T 1 T 1 . s
— [sm§+551n2§+§sm3§+151n4§—|—gsm5§+...]

Toc << > > L | | 4 Back



Solutions to exercises

1,11 B
l=g+5-—5+...=7 3
1_%_‘_%_%4____:%7 as required.

To show that

.o 2
() T =1+ +m+=+...)

We want zero sinnx terms and to use the coefficients of cosnx

Toc << > > L | | 4 Back
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Solutions to exercises 51

Setting © = 0 eliminates the sinnz terms from the series, and also
gives
1 1 1 1 1 1
cosx—l—3—2cos3x+?cos5x+ﬁcos7x+... = 1+3f2+5f2+ﬁ+...
(i.e. the desired series).
The graph of f(x) shows a discontinuity (a “vertical jump”) at x =0

The Fourier series converges to a value that is half~way between the

two values of f(x) around this discontinuity. That is the series will
s

converge to 5 at x =0

3 2 1 1 1
ie. T —W—; |:COSO+3QCOSO+52COSO+72COSO+...:|

|
~

1 1
— {sin0+2sin0+3sin0+..}

3r 2 11 1
and = Wﬂ{1++++..}[o+0+0+...}

32 52 72
Toc << > > L | | 4 Back
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Solutions to exercises 52

Finally, this gives

L= 2<1+1+1+1+ )

1 T 32757
and 12 = 1+i+i+i+

8 3257

Return to Exercise 3
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Solutions to exercises 53

Exercise 4.

’ f(z) = %, over the interval 0 < x < 27 and has period 27

a) Sketch a graph of f(z) in the interval 0 < z < 4w

(%)

Toc << | d g < | g Back



Solutions to exercises

b) Fourier series representation of f(x)

STEP ONE

2m
ag = %/0 f(z)dz

B l xfz 27

oon |4 0

1 [(2m)?

- w[ 4 0]
ie. ag = .

Toc <4< > > | | 4
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Solutions to exercises 55

STEP TWO
1 27
a, = - f(x) cosnzdx
™ Jo
1 271’
= — — cos nx dx
™ Jo
1 sm na: S| / 2
= — - — sin nx dx
21 n Jo
using integration by parts
1 sin n2mw sinn -0 1
_ { o >_ﬂ}
2w n n
1
= 9 -0 , see TRIG
ie. a, = 0.
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Solutions to exercises

STEP THREE
1 27 1 27
b, = -— f(x)sinnzdz = f/ <£> sinnx dx
Vs 0 ™ 0 2
1 27
= — rsinnx dx
27T 0
1 —cosnz 2m /27r — cosnx
= — m — — | dx
2 0 0 n
using integration by parts
1 1
= 2— —2mcosn2m 4+ 0) + — - 0 7, see TRIG
n
= 2
Y cos(n2m)
1
= —=cos(2
. cos(2nm)
1
ie. b, = —— , since 2n is even (see TRIG)
n

Toc << | d g < | g Back
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Solutions to exercises
We now have
a oo
f(z) = 50 + Z [an cos nx + by, sin nx]
n=1
1

where ag=m, a, =0, b, = —~

These Fourier coefficients give

o0
7r 1
= — 0_7 1
f(x) 5 +ng_1< nsmnx)
1 1
ie. f(x) = ;T—{sinx—|—2sin2x+35in3m+...

Toc << > > L | | 4 Back
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Solutions to exercises 58

¢) Pick an appropriate value of z, to show that

T 1,111
Z:1—§+g—7+§—...‘
Setting x = 7 gives f(z) = 7 and
™ s 1 1
T e I 40— +04+-+0—...
1 5 [+ g H0+ =+ ]
T 7 1 1 1 1_'_1_
4 2 3 5 7 9 7
1 s
l—c4-—c4-—. | = =2
T + } T
. 1 1+1 1+1 T
ie. ——t o=+ ——... = —
3 5 7 9 4

Return to Exercise 4
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Solutions to exercises

Exercise 5.

T =X

ro={ "y

,0<ze <
, ™ <x < 2w, and has period 27w

a) Sketch a graph of f(z) in the interval —27 < z < 27

f(X)

Toc << | d g < | g Back
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Solutions to exercises

b) Fourier series representation of f(x)

STEP ONE

1 1,17
= [wm—:ﬁ] +0
T 2|,
1], =2
= - -—-0
it
. s
1.e. ap = 5

Toc << | d 2 <«
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Solutions to exercises

STEP TWO
1 27
a, = 7/ f(x) cosnz dx
T Jo
1 ™ 1 2m
= — [ (m—2a)cosnxdx + — 0-dz
™ Jo ™ Jr
1 i Si
e a, = L { {(w—x)bm”””] —/ (-1 Snne dx} +0
™ n 0 0 n
using integration by parts
1 T si
= {(0—0)+/ smnazdm} , see TRIG
e 0 n
1 {— cosnx ]W
™ n 0
= —— —cos0
0 (cosnm — cos0)
1
ie.ap = —((-D)"-1) TRIG
ie. a 0 ((-1) ), see

| 2 Back
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Solutions to exercises 62

0 ,neven
ie a, =
n? , n odd
STEP THREE
1 2m
b, = — (x) sinnx da
T Jo
1 ™ 27
= 7/ (W—x)sinmﬁdx—i—/ 0-dz
™ Jo T

2|

_ 1 {[(ﬂ_x) (_cos;lnmﬂ;f_/oﬂ(_l)'(_coinx)dx}_'_o
{(0-(-5)) - 50} o0 o

3= 8-

ie. b, =
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Solutions to exercises 63

In summary, ap = 7 and a table of other Fourier cofficients is

n 1121 3 |4] 5
an =25 (whennisodd) | 20|25 0|2
_ 1 1 1 1 1
by =5 Lig| 5 |1] 5
a o0
L f(x) = ?0 + ;[an cosnx + by, sin na]
=T 1 2ozt 2 e cosBe + = = cosba +.
=1 —COST A — o CoS3T F — o5 cosBr
. L. 1. 1.
+ sinz + —sin2z 4+ -sin3z + — sindx + . ..
2 3 4
. T 2 1
ie. f(z)= 1 + = {cosx—i— 32 cos 3T + — 52 cosdx + .

1 1
+ sinx + isian + gsin?)x—l— Zsin4x—|— .
Toc <4< | d g < | 2 Back



Solutions to exercises

64

¢) To show that

2 1 1
%_14—3—2—1-574—...

)

note that, as x — 0, the series converges to the half-way value of

Vs s

and the — = -
1l n 2 4
™

2

Y

4

. w2
ivin —

g g 3
Toc <4<

s
29

2 1 1
p (COSO+?)QCOSO+52€OSO+...>

1 1
sin0+§sin0+§sin0+...

2 1 1
+(1+++...)+0

0 32 52

11
Ittt

Return to Exercise 5

Ao )
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Solutions to exercises 65

Exercise 6.

’ f(z) = z, over the interval —7 < x < 7 and has period 27

a) Sketch a graph of f(z) in the interval —3m < x < 3w

f(X)
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Solutions to exercises

b) Fourier series representation of f(x)

STEP ONE

Toc

i.e. ap

<<

>

A= A

e

Back
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Solutions to exercises 67

STEP TWO
1 ™
an, = 7/ f(x) cosnz dx
™ —T
1/”
= — x cosnz dx
T™J-n
1 {[ sinnz]ﬁ /” (sinn:c) }
= — X — dx
T no|_. o n
using integration by parts
i | (rsinnm — (-m)sin(-nm) - 1 [ sinnad
ie.a, = —<—(msinnm— (—x)sin(—nn)) — — sinnz dz
n i Bl G T T T 0l
1(1 1
RESETIPER
T |n n
since sinnm =0 and sinnrdx =0,
2m
ie. a, = 0.

Toc << | d g < | g Back



Solutions to exercises

STEP THREE

b, =

ie b, =

Toc

3

f(z)sinnz dz

|
3

rsinnx dx

™ ™
—X COSNIT — COSnx
/e — )
n - —r n

1 s
[ cosnz]” _+ */
n

—T

’—’:‘\ﬁ\

cosnx dx}

A= A= A= A e

:\»—* :\»—*

(mcosnm — (—m) cos(—nm)) + % : 0}

S]‘:]/_H’_H

(cosnm + cosn)

— (2 cosnm)

<4< | 4 2 | | 2 Back
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Solutions to exercises

We thus have

ap = .
flx) = 5 + Z [an cosnx + b, sin nm}

n=1
with a9 =0, a, =0, b, = —2(-1)"

and
n 1] 2|3
by |[2] 112
Therefore
f(z) = bisinx +bysin2z + bgsin3z + ...
ie. f(z) = 2 sinx—%sian—l—%sin?)x—...

and we have found the required Fourier series.
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Solutions to exercises

¢) Pick an appropriate value of z, to show that

This gives

m 1
= = 2140+ (-1)=04+=-(1) =0+ =-(-1
5 [4- +3( ) +5() +7( )+
T 1 1 1
o= ol
2 2[ s3T5 77

e, T = 1-s4i-24

1.e. 4 = 3 5 7 .

70

Return to Exercise 6
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Solutions to exercises 71

Exercise 7.

’ f(x) = 2%, over the interval —7 < x < 7 and has period 27

a) Sketch a graph of f(z) in the interval —3m < x < 3w

(%)

=-3m 21 -1t 0 Tt 21 3n
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Solutions to exercises

72

b) Fourier series representation of f(x)

STEP ONE

Toc

/.

<<

f(z)dz

i.e. ag

>
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Solutions to exercises 73

STEP TWO

1 T
an, 7/ f(z) cosnz dx

m —Tr
1 s
— / 2% cosnz dx
T™J -7
1 sinnz " g sin nx
— [x2 } — / 2x dz
T no|_. e n

using integration by parts

T
— (r?sinnm — 7 sin(—nm)) — = / rsinnz dx
n

—T

A=

—— p—N—
—_

3|

1 2 (™
—(0-0)—— xsinnzdx p, see TRIG
n nJ_,
_9 ™
—_— rsinnx dx

nw

—T
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Solutions to exercises 74

i.e. an

)] L))

using integration by parts again

1 |
— —[xcosna]”  + —
n n

—T

= _m{ — ;<mosm — (—n) cos(—m)) + % .o}

™

cosnx dx}
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Solutions to exercises

—2 2
e ap = ——{ -~ T(-1)n
ie a nw{ n( )}

+4m n
= P (_1)
4 n
= ﬁ(—l)
% , N even
ie. a, = {
4, nodd.
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Solutions to exercises 76

STEP THREE
1 /" 1 (7
by, — f(@)sinnzdr = — / z? sinnz dz
TJ TJ

{PEL L (5 )

using integration by parts

1 1, ™ 2 [T
—q — — [m cos na:]i + — x cos nx dx
s n T nJ_,

1 2 [T
{ — = (7® cosnm — 7 cos(—nm)) + f/ x cosnx dx}
T —

1
n nJ_,

n

—T

1 2 [
— (7 cosnm — 7* cos(nm)) +— / x cosnx dx}
n
=0
2 s
— x cosnze dx
™ J_.
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Solutions to exercises

7

. T T .
sin nx sin nx
T — dx
n . xn

2
ie. b, = {[
™
21
T ooann
_ 2 [T
2
ie. b, = 0.

Toc

<<

using integration by parts

1 s
wsinnm — (—m) sin(—nm)) — E/ sin nx dm}
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Solutions to exercises 78

oo
o f(x) = % + Z [y, cosnx + b, sinnx

n=1

4
272 = , neven
where ag = - anp = n b, =0
0 3 n { 7;1 . n odd 9 n
n 1 2 3 4

an || —4(1) | 4(32) | —4(z2) | 4 ()

N

1 (272 1 1 1
ie. f(x) = 3 (g) —4|:COS$— 2—2005295—1— 3—2005395— 42005495...}

+04+04+0+..]
2 1 1 1
ie. f(x) = %—4 [cosa:—cos2x+c0s3x—c0s4m+...] .

22 32 42
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Solutions to exercises

o2
6

¢) To show that

=l+m+m+m+-..|

use the fact that cosnm =

1 ,neven
—1 ,nodd

i.e. cosr — 2%605230 + 3%005390 — 4%(3084:3 +...

1

i.e. -1 — 5

79

with x =7
gives cosm — 2%00527r + 3%(:05377 — 4%00847r +...
; 1 1 1
ie. (1) — (1) +5-(=1) - &-(1) +...
- % - & ..
1 1 1
(the desired series)
> > < | 4 Back
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Solutions to exercises 80

The graph of f(x) gives that f(7) = 72 and the series converges to
this value.

Setting z = 7 in the Fourier series thus gives

., _ m A Loosom s L L oos
™ = ?— COSW—QQCOS 7T+360537T 42008 T+ ...
2
2 T 1 1 1
™ = 3‘4(‘1‘22—32—42— )
2
s T 1 1 1
T = 3+4(1++32++ )
272 1
22— 4
3 ( 42+ )
N 1 1
l.e.g = 1+ 32 +

Return to Exercise 7
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